The high-order least-squares method is associated with complex linear algebra and thus complicated implementation issues. In this study, a population balance problem describing bubbly flows is solved using the least-squares technique within the spectral framework. The aim of this paper is to outline the numerical solution algorithm.
Introduction
In gas-liquid systems such as bubble column reactors [1] the dispersed phase plays a major role in determining the hydrodynamic behavior of the system. The complex dynamics of the dispersed phase and its influence in the hydrodynamics of the system is a challenging problem which is still not sufficiently understood. In bubble columns, the complexity of the hydrodynamics relates to evolution of phenomena such as breakage, coalescence, growth and advective transport of the bubbles. Such events affect the bubble size distribution in the bubble columns; and consequently, set the interfacial momentum, heat, and mass transfer fluxes through the contact area. Thus, the bubble size distribution is important for the operation of the bubble columns in order to obtain optimal process performance. Both experimental studies and modeling work are needed to achieve extended understanding of the important mechanisms of 
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Gauss-Lobatto-Legendre GL Gauss-Legendre flows within bubble columns. In the mathematical modeling framework, the population balance model [1] [2] [3] [4] is considered a concept for describing the evolution of populations of countable entities such as the bubbles in the bubble column reactors. The population balance equation describing the evolution of the dispersed phase by means of a probability density function is a non-linear partial integro-differential equation which must be solved by a suitable numerical method. In the literature, various numerical techniques are applied for the solution of the integro-differential equation. The method of moments (MOM) is one of the earliest and most widespread technique for solving the population balance equation. The essence of the method of moments is to transform the integro-differential equation into a set of ordinary differential equations. Such an approach involves an inherent loss of information as the distribution is not retrieved, but only some integral properties of the distribution [5] . Developments based on the MOM exist, e.g., quadrature method of moments (QMOM) [6] and direct quadrature method of moments (DQMOM) [7] . Several examples of the application of high order methods for solving population balance problems are given in the literature, e.g., [8] [9] [10] [11] [12] [13] illustrate the use of the collocation, tau and Galerkin approximation methods. The high order least-squares method is suggested as a good technique in resent work [4, [14] [15] [16] [17] . However, the leastsquares method is associated with high theoretical complexity. Therefore, in this study, we outline the numerical solution algorithm of the least-squares method applied to a population balance problem describing bubbly flows.
The population balance model
The population balance model solved in this study is based on the bubbly flow study of Nayak et al. [16] : ] , , Equation (1) can be simplified adopting the following assumptions: (i) steady state, (ii) cross-sectional area averaging giving one independent spatial coordinate, and (iii) prescribed flow velocity field of the continuous phase, i.e., v r (r, ,t)=v z =constant. Moreover, the following dimensionless variables are defined:
The non-dimensionalized population balance equation considered in this study is thus given as: 
The set of closure equations in terms of the dimensionless variables (2) is represented in Section 2.1. Noticeable, the bubble growth velocity equation (17) is used to simplify the LHS of equation (1) . Moreover, the boundary condition in the non-dimensionalized form is given by (4) and (5) 
Constitutive equations
The set of closure equations in terms of the dimensionless variables (2) is given in the sequent. Ideal gas law:
Breakage frequency kernel:
Daughter size redistribution function:
Coalescence probability: [ ]
Hydrostatic pressure:
Volumes of bubbles: 
Weighted residual methods
Given a two-dimensional problem in the following abstract formulation [4] : 
where jz Pz (z) and j P ( ) are the basis or trial functions which span the subspace s ( ); the subset of ( ). Nodal basis functions are commonly adopted for implementation of spectral methods due to the resulting simplicity of the method. The nodal basis functions are generally defined based upon the Lagrange polynomials which are associated with a set of nodal points. The Lagrange polynomial can be written in product form as:
The nodal solution series expansion in terms of the Lagrange polynomials is thus given as:
Hence, in the nodal basis approximation, the basis coefficients are the solution function value at the nodal points, i.e., jzj = f jzj .
The two-dimensional problem may be assembled on the conventional form Af = F expressing the solution approximation based on a global index numbering procedure. In terms of the global index numbering, the solution approximation (24) can be written as:
where x=(z, ), J = jzj , and given by:
Following the indices numbering as in Fig. 1 the relation between the local and global indices is given as:
where j =0,..., P and j z =0,..., P z . Following the global numbering procedure as given in Fig. 1 , the vector notations for the z and coordinates are given by: Fig. 1 . Global grid labeling procedure considering a two-dimensional case. A GL-GLL-grid where x I is the global numbering, and j and z j denote the two local one-dimensional numberings.
The least squares method
The least-squares formulation is based on the minimization of a norm-equivalent functional. Considering the abstract problem defined by equations (20) and (21) the norm-equivalent least-squares functional is defined as:
with the norms defined like:
Hence, by minimizing the functional (31) the integral of the square of the residual is minimized over the computational domain. Based on variational analysis, the minimization statement is equivalent to: Find f in ( ) such that:
Inserting approximation (25) and choosing systematically:
the following algebraic system is achieved:
where the matrix and vector are defined as; following the global numbering procedure:
The inner products (37) and (38) are approximated by a quadrature rule: I  I  I  I  I  I  I  I  I  I  I  I  II  II  I  I  I 
where the global quadrature is defined in terms of the local quadrature weights by (figure 1): 
whereas the boundary matrix is given by (55) with the sub-matrices of dimension (P +1) (P +1): 
Simulation result and concluding remarks
A two-dimensional population balance problem describing the population of bubbles within a bubble column is numerically solved using the high-order least-squares technique. The least-squares method is associated with high theoretical complexity; hence the aim of the present paper is to outline the numerical solution algorithm solving the population balance problem. That is, the linear algebra of the least-squares method is described for the bubble column model considered in this study.
The reactor operation conditions and numerical parameters used in the simulation are given in table 1. Moreover, the simulation result of the bubble diameter distribution as a function of the bubble column height is presented in figure 2. 
